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Heat transfer enhancement criteria for nanofluids over their base fluids are presented based on three
separate considerations: Reynolds number, flow velocity, and pumping power. Analyses presented
show that, among the three comparisons, the constant pumping power comparison is the most
unambiguous; the constant flow velocity comparison can be quite reasonable under certain
conditions but the constant Reynolds number comparison �the most commonly used in the
engineering literature for nanofluids� distorts the physical situation, and therefore, should not be
used. © 2010 American Institute of Physics. �doi:10.1063/1.3435487�

Comparing forced convective heat transfer performance
among fluids, based on the thermophysical properties of the
fluids, has long been of interest to the thermal science and
heat transfer research community and remains an essential
part of selecting optimal fluids for specific applications. Vari-
ous principles have been proposed for comparing the heat
transfer performance among candidate fluids for any particu-
lar application. A figure of merit called the Mouromtseff
number Mo was introduced in 1942 by Mouromtseff1 to rep-
resent the effect on the heat transfer coefficient h of the com-
bined thermophysical properties of density �, specific heat
Cp, dynamic viscosity �, and thermal conductivity k. A more
complicated figure of merit was suggested by Yeh and Chu2

to further capture the combination effect of the fluid heat
storage capacity characterized by the specific heat Cp, the
heat removal ability characterized by the heat transfer coef-
ficient h, and the hydraulic performance characterized by the
friction-related pumping power P. Both of those comparison
principles are based on the presumption that all of the fluids
in the comparison have the same flow velocity. Other
comparisons,3 related to nanofluids, included fluid tempera-
ture considerations.

In recent years, many studies of nanofluid heat transfer
have made comparisons to the base fluid heat transfer. How-
ever, in most cases principles incorporating constant flow
velocity such as the two noted above were not used. Instead,
most nanofluid comparisons have been at the same Reynolds
number. This practice in the literature has been causing some
confusion regarding the advantage of using a nanofluid in-
stead of the base fluid in heat transfer applications. In the
present study, three bases were utilized for comparing heat
transfer between nanofluids and their base fluids: constant
Reynolds number, constant flow velocity, and constant
pumping power.

For a forced, single-phase, turbulent, internal flow with
the flow channel diameter of d, the flow channel length of L,
and the flow velocity of V, the Nusselt number Nu can be
predicted from the Reynolds number Re, the Prandtl number
Pr, and the friction factor f of the fluid. From among the
commonly-used prediction equations �the Dittus–Boelter
equation,4 the Petuekhov–Popov equation,5 and the Gnielin-
ski equation6� for the turbulent Nusselt number, the Dittus–

Boelter equation is chosen in the present study for simplicity.
In terms of the heat transfer coefficient, the Dittus–Boelter
equation can be expressed as

h = Nu�k � d� = 0.023 Re4/5 Pr2/5�k � d�
= 0.023d−1/5�4/5Cp

2/5�−2/5k3/5V4/5. �1�

Based on the standard Blasius equation7 for the Fanning fric-
tion factor

fBlasius = 0.0791 Re−1/4 = 0.0791d−1/4�−1/4�1/4V−1/4, �2�

the friction-related pumping power P can be calculated from
the volume flow rate Q and the pressure drop �p as

P = Q�p = ��d2V � 4��2fBlasius�V2L � d�
= 0.03955�d3/4L�3/4�1/4V11/4. �3�

To compare the fluid-property-related heat transfer perfor-
mance of a nanofluid to that of the base fluid on the constant
Reynolds number basis, constant flow velocity basis, and
constant pumping power basis, the base fluid properties,
particle properties, and nanofluid properties are denoted by
the subscripts m, p, and e, respectively. A figure of merit
r=he /hm for the heat transfer coefficient ratio of the nano-
fluid over the base fluid is used to compare the heat transfer
performance of the nanofluid to that of the base fluid. From
the viewpoint of the heat transfer coefficient, a beneficial
nanofluid means that the figure of merit r is of a value
greater than unity. For the constant Reynolds number com-
parison with �eVe /�e=�mVm /�m, the figure of merit rRe is

rRe = � he

hm
�

Re
= � Cpe

Cpm
�2/5� �e

�m
�2/5� ke

km
�3/5

. �4�

This figure of merit rRe is the most commonly used in the
literature for nanofluid heat transfer enhancement, and it im-
plies the following flow velocity ratio of the nanofluid over
the base fluid

�Ve � Vm�Re = ��e � �m�−1��e � �m� . �5�

In most cases, the flow velocity ratio for the constant Rey-
nolds number comparison is greater than unity, and, as will
be discussed subsequently, it is this feature that is misleading
in the heat transfer comparison.a�Electronic mail: wyu@anl.gov.
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For the constant flow velocity comparison with Ve=Vm,
the figure of merit rV is equivalent to the Mouromtseff
number1 ratio and can be expressed as

rV = � he

hm
�

V
= � �e

�m
�4/5� Cpe

Cpm
�2/5� �e

�m
�−2/5� ke

km
�3/5

. �6�

For the constant friction-related pumping power comparison
with �e

3/4�e
1/4Ve

11/4=�m
3/4�m

1/4Vm
11/4, the figure of merit rP is

rP=� he

hm
�

P
=� �e

�m
�32/55� Cpe

Cpm
�2/5� �e

�m
�−26/55� ke

km
�3/5

. �7�

The flow velocity ratio of the nanofluid over the base fluid
associated with the constant pumping power comparison is

�Ve � Vm�P = ��e � �m�−3/11��e � �m�−1/11
. �8�

In most cases, the flow velocity ratio for the constant pump-
ing power comparison is only slightly less than unity due to
the small exponents �3/11 for the density ratio �e /�m�1
and �1/11 for the dynamic viscosity ratio �e /�m�1.

From the relations that rRe /rV= ��e /�m�−4/5��e /�m�4/5

and rV /rP= ��e /�m�12/55��e /�m�4/55, the following inequality
is generally true rRe�rV�rP although, as will be shown, rV
is often approximate to rP for nanofluids.

It can be seen from the above derivation that the essen-
tial factor, which separates the three comparison bases from
each other, is the flow velocity ratio Ve /Vm depending on the
density ratio �e /�m and the dynamic viscosity ratio �e /�m.
For nanofluids with a typical particle volume concentration
of 	5%, the density ratio �e /�m and the specific heat ratio
Cpe /Cpm are close to unity. �The later minimizes errors due
to the implicit assumption in the figure of merit r that the
wall-to-fluid temperature difference is the same for nanofluid
and base fluid.� Therefore, the flow velocity ratio Ve /Vm is
mainly determined by the dynamic viscosity ratio �e /�m. To
clearly show the influence of the flow velocity ratio Ve /Vm
on the heat transfer coefficient ratio he /hm, these param-
eters are plotted in Fig. 1 for the three comparison bases
as a function of the dynamic viscosity ratio �e /�m for a
SiC-50/50 ethylene glycol/water nanofluid with a particle
volume concentration vp of 4%, the property ratios of which
are the density ratio of 1.078 calculated from �e /�m= ��1
−vp��m+vp�p� /�m, the specific heat ratio of 0.914 calculated
from Cpe /Cpm= ���1−vp���Cp�m+vp��Cp�p� / ��1−vp��m

+vp�p�	 /Cpm, and the thermal conductivity ratio of 1.120
calculated from ke /km=1+3vp. It can be seen from Fig. 1
that, unlike the constant flow velocity comparison �Fig. 1�b��
and the constant pumping power comparison �Fig. 1�c��
where the flow velocity ratio Ve /Vm is either equal to or
close to unity, the flow velocity ratio Ve /Vm for the constant
Reynolds number comparison �Fig. 1�a�� is generally greater
than unity. In other words, the flow velocity for the nanofluid
is generally greater than that for the base fluid with the con-
stant Reynolds number comparison. Therefore, the net result
for the constant Reynolds number comparison is a combina-
tion of the nanofluid property effect and the flow velocity
effect. Since the flow velocity for the nanofluid is higher than
that for the base fluid, the constant Reynolds number com-
parison gives the nanofluid an advantage over the base fluid.
If the nanofluid is to be pumped at a higher velocity in order
to maintain the same Reynolds number as the base fluid, so
could the base fluid be pumped at that velocity to obtain a

better heat transfer coefficient. In that case, the base fluid
might approach or exceed the performance of the nanofluid
but this condition is not reflected in the constant Reynolds
number comparison. The experimental results8 of ten studies
from the literature all showed 0.99	rRe	1.63 while 70% of
the cases had rV	1.

From an alternate viewpoint, the criteria for the three
heat transfer enhancements of nanofluids over base fluids
r=he /hm�1 can be translated into relationships between
the dynamic viscosity ratio �e /�m and the thermal conduc-
tivity ratio ke /km. These relationships, obtained by letting
r=he /hm=1 for the three comparing bases, are shown in
Fig. 2. The curves in Figs. 2�a�–2�c� represent the criteria for
rRe=1, rV=1, and rP=1, respectively, and they are applicable
to any nanofluid and base fluid combination where the den-
sity ratio �e /�m and the specific heat ratio Cpe /Cpm are close
to unity. It is seen that the nanofluid heat transfer enhance-
ment increases in the region above the curve in Fig. 2�a� for
the constant Reynolds number comparison and it increases
below the curves in Figs. 2�b� and 2�c� for the constant flow
velocity comparison and the constant pumping power com-
parison.

In the results shown in Fig. 2, the flow velocity differ-
ences discussed above have other disturbing implications as
follows. As shown in Fig. 2�a� and in Eq. �4� for the constant
Reynolds number comparison, at any value of thermal con-

FIG. 1. Flow velocity ratio and heat transfer coefficient ratio as a function of
dynamic viscosity ratio.
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ductivity ratio ke /km, the heat transfer coefficient ratio he /hm

increases as the dynamic viscosity ratio �e /�m increases.
This result is opposite to those from the constant flow veloc-
ity comparison and the constant pumping power comparison
of Figs. 2�b� and 2�c�. It is in contradiction to common sense,
and the reason is again rooted in the flow velocity effect. The
constant Reynolds number comparison completely ignores
the pumping power penalty associated with pumping the
higher viscosity nanofluid at a higher flow velocity to reach
the same Reynolds number as the base fluid. If the same
pumping power or the same flow velocity for the nanofluid
were used for the base fluid in Fig. 2�a�, the heat transfer
enhancement would be much less dramatic if it existed at all.
In fact, as can be seen from Eq. �4� and the comparison of
experimental studies,8 it is almost certain that the heat trans-
fer coefficient ratio he /hm based on the constant Reynolds
number comparison is greater than unity for any nanofluid
with typical specific heat, dynamic viscosity, and thermal
conductivity ratios, which, of course, is unrealistic. The en-
ergy available to pump a nanofluid must be considered to be
available to pump the base fluid as well.

In contrast to the unrealistic figure of merit rRe associ-
ated with the constant Reynolds number comparison, the
figure of merit rP for constant pumping power comparison
represents the most unambiguous. With this comparison
principle, the heat transfer coefficient of a nanofluid is com-
pared to that of the base fluid under the condition that the
nanofluid and the base fluid use the same amount of pumping
power. As discussed above, this comparison means that the
flow velocity for the nanofluid is slightly lower than that for
the base fluid, as shown in Eq. �8�, and gives the most con-
servative criterion for a beneficial nanofluid. Based on the
physical mechanisms behind these comparisons, the constant
pumping power comparison should be used for comparing
the heat transfer coefficient of a nanofluid with that of the
base fluid.

The constant flow velocity comparison is basically a
Mouromtseff number comparison. The results for the con-
stant flow velocity comparison of Fig. 2�b� have a similar
trend to that for the constant pumping power comparison of
Fig. 2�c� but the constant flow velocity comparison is less
restrictive. The pumping power required for a nanofluid will
be higher than that for the base fluid under the constant flow
velocity comparison due to the increased density and dy-
namic viscosity of the nanofluid. However, as noted previ-
ously, the flow velocity ratio for the constant pumping power
comparison is close to unity, and thus the curves of Figs. 2�b�
and 2�c� are very close in magnitude. Therefore, from a prac-
tical viewpoint, when the flow system under consideration is
designed for a certain maximum flow rate and when the flow
pumping power is only a small portion of the total power
consumed, the constant flow velocity comparison provides a
quite accurate picture of the effect of the nanofluid properties
on the heat transfer performance compared to the base fluid.

In conclusion, the criteria for comparing the fluid
property-related heat transfer performance of a nanofluid to
that of the base fluid under the bases of the constant Rey-
nolds number, constant flow velocity, and constant friction-
related pumping power have been developed for turbulent
flow. �Heat transfer rates of nanofluids and their base fluids
in fully-developed laminar flow are independent of viscosity,
which, as discussed, is the major deleterious property for
turbulent flow.� Among the three comparisons, the constant
pumping power comparison is the most unambiguous; the
constant flow velocity comparison can give quite good re-
sults under certain conditions but the constant Reynolds
number comparison distorts the physical situation, and there-
fore, should not be used.

This work was sponsored by the U.S. Department of
Energy.
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FIG. 2. Criteria for a beneficial nanofluid.
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